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This paper investigates multiobjective integrated control/structure design using covariance control to parameter-
ize the controller. An advantage of this approach is that the control objectives can be specified as a set of competing
analytical goals or constraints instead of a single scalar cost function. From this formulation, a multiobjective nu-
merical optimization problem is formulated to execute the integrated control-structure design. The performance
of this approach is investigated on a simple disturbance rejection problem in which the control objectives and the
structural design objectives conflict. The integrated design optimization both increases control performance and
decreases the structural mass with a counterintuitive design. In addition, these results add to previous work that
demonstrates the potential of integrated design optimization of structures and controllers. It then appears that
when the structure and controller are considered simultaneously, the resulting combination is an improved design.
However, the extent of the design improvement is apparently problem dependent.

Nomenclature
Fk = objective functions
/max = maximum value of the Kf functions
gk = constraints of the form gj (p) < 0
/ = appropriately sized identity matrix
Inc

 = nc x nc identity matrix
Afcon = number of constraints
A^obj = number of objective functions
Ns = number of structural design variables
p = vector of design variables
u = vector of actuator forces (length nu)
w = vector of disturbances (length nw)
xc = controller state vector
xp = system state vector (length nx)
y = vector of controlled outputs (length ny)
z = vector representing output of the sensors (length nz)
a ( ) = singular value function

Introduction

T HE idea that it is possible to numerically resolve conflict-
ing design requirements between structures and control sys-

tems has been previously investigated.1"4 For both space structures
and aeroservoelastic systems, the structural objective to minimize
mass and/or maximize stiffness often decreases the ultimate perfor-
mance achieved by the control system. For instance, decreasing the
structural inertia can make disturbance rejection by the controller
more difficult, whereas increasing the stiffness can also increase the
control effort required to maintain a quasistatic shape. Integrated
design optimization seeks to quantitatively resolve such design con-
flicts by simultaneously considering the structural and control de-
sign objectives within a unified numerical optimization procedure.
Clearly, considering all these different objectives within a numerical
procedure is a complex, perhaps impractical, task.

A traditional method for accommodating this multiobjective
problem is to decouple the control and the structural designs and al-

low each discipline to proceed without communication to the other.
This often results in excessively conservative designs, because each
design group must make conservative assumptions about the re-
sults of the other's design. Multiobjective design techniques seek
to codify the design processes of distinct disciplines under a single
mathematical construct. The trend represented by these methods
is generally to expand the problem away from a single, composite
objective function into physically meaningful individual objectives.
Our research seeks to advance a step further by expanding the con-
trol part of the problem to be more than a single scalar cost function
itself and to couple a structural objective into the problem.

Our formulation of the combined structure/control problem is
based on covariance control theory, which has been developed by
Yasuda and Skelton5 and Skelton et al.6 In covariance control, all
reduced-order linear stabilizing controllers are parameterized by the
matrix elements of the closed-loop covariance matrix X. In a previ-
ous paper, we developed a nonlinear multiobjective control formula-
tion using this description of the controller.7 We adapted covariance
control theory for numerical optimization by further parameteriz-
ing X by its Cholesky decomposition. This allows the reduced-order
control problem and its associated multiple design objectives to be
expressed as analytical functions of the design parameters. In this
paper, we couple the covariance parameterization of the controller
to a structural design problem to investigate the efficacy of this
technique for interdisciplinary, multiobjective design searches.

Theoretical Development
Consider a linear time-invariant system with the following state-

space equations:

xp = Apxp -f Bpu + Dpw

z = Mpxp

y =
(i)
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Any continuous, linear feedback controller of order nc can be defined
by

xc = Acxc + Fz

u = Kxc + Hz
(2)
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The matrices in this model can be grouped into a single feedback
gain matrix G:

= r K
IF AC

(3)

The covariance of the closed-loop system is defined to be the
one-at-a-time (OAT) covariance, which is defined as follows:

XOAT = x(i,t)xT(i,t)dt (4)

where x(i, t) is defined to be the state response of the system to the
z'th excitation of the following set:

0

7 =

(5)

k=l,...,nuw(t) =

0

0

wk8(t)

0

The closed-loop covariance X can then be computed using the fol-
lowing Lyapunov equation:

(A + BGM)X + X(A + BGM)T + DWDT + X0 = 0 (6)

where A, B, M, and D are defined as

FA, on r*, 01 r/vi
L o oj L O inc\ [ o j

TMP
M=\

I 0

(7)

The closed-loop state vector x implicit in Eq. (6) includes both the
plant states and the controller states

x =

so that the partitions of X are

X
^ I" Xp Xpc 1

~L*Jc xc\

(8)

(9)

The basic idea of covariance control theory is that G can be
thought of as a function of X. Reference 5 shows that it is possible
to solve Eq. (6) for G as a function of X. This solution explicitly
parameterizes all reduced-order linear stabilizing controllers that
assign the covariance matrix X to the closed-loop system. Using
this so-called X parameterization, all reduced-order stabilizing con-
trollers can be parameterized by the following equation relating X
to G:
G = - - BB+)X~1M+

+ B+XM+M(I - rr+)5(/ - rr+)M+ =
in which Q,ty, L, and F are defined as

Q = XAT + AX + DWDT + X

- M+M)X~1Q(2I - M+M)

L = (I -M+M)X~1BB+

F = M+M(I - BB+)

QL+M
(11)

where -f denotes the Moore-Penrose inverse. This particular G is
said to assign X to the closed-loop system. The skew-symmetric
matrix S in Eq. (10) can be uniquely defined as a function of X to
minimize control effort, and so it is considered to be a dependent
design variable that is a function of the remaining design variables
constituting X.6

For this G to exist, the following two equality constraints must
be satisfied by X and its partitions5:

Ci(Xp) =

C2(X) = (1

in which Qp and Qp are defined as

- BPB+)QP(I - BPB+) = 0

= 0
(12)

Qp = XpAT
p + APXP + DpWDT

p + X0p

F = XpAT
p + APXP + Dp WDT

p + X0p (13)

_L Y V~l Y Y~~^Y^~T~A>pcA A.Q A A •

o
where X0p and X0c are appropriately dimensioned initial covari-
ance matrices. The two equality constraints C\(XP) and C2(X) are
referred to as the covariance assignability conditions in covariance
control theory. They serve the role of the controllability and observ-
ability constraints that are implicit in the linear quadratic Gaussian
(LQG) formulation. As noted in Ref. 7, these equality constraints
are quickly satisfied in the numerical optimization procedure, be-
cause they define an apparently large null space of the covariance
design parameters.

Within the context of covariance control theory as defined earlier,
the control design problem can be stated as follows:

Find a positive definite X subject to system performance con-
straints and covariance assignability conditions.

There are several equivalent tests for a matrix to determine pos-
itive definiteness. The most common test stipulates that all of the
eigenvalues must be positive. For X > 0,

\(X) > 0 (14)

Since it is desirable to use a gradient-based optimization scheme,
the gradients of the eigenvalues would be needed.

Finding these gradients can be numerically difficult. Haug and
Rousselet have shown that the eigenvalues are (Frechet) differ-
entiable if they are distinct.8 On the other hand, if some of the
eigenvalues are repeated, then they are only directionally (Gateaux)
differentiable. Many of the methods available for determining the
gradient of repeated eigenvalues over a subspace either use simpli-
fying assumptions to create a tractable problem or are so general
that they are prohibitive in terms of CPU time.4

The Cholesky decomposition can be used to further parameterize
X so that the positive definite constraint is simplified. This approach
uses the elements of the lower triangular matrix from the Cholesky
decomposition of X ,

(15)X = LL

where L is the matrix, in which the lower triangular portion is
nonzero, with the dimension of L being N = nx+nc. From Ref. 3,
if the diagonal elements of L are positive, then the matrix X will be
positive definite. If the design variables are changed so that the diag-
onal elements of L are always positive, then no constraint on L will
be needed to guarantee positive definiteness of X. This eliminates
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Table 1 Comparison of final designs for the two-bar truss

Control
effort reduction

%

Control-only design 58
Integrated design 86

Output cost Output cost Total
, reduction 1, reduction 2, structural

% % mass

21.75 8.66 1500
14.8 9.2 1492

(0.53%)

Mass 1

500
443

(11.25%)

Mass 2

1000
1049

(-4.95%)

Number of
iterations

1200
1000

the positive definite constraint on X. To guarantee that the diago-
nal elements are always positive, the diagonal design variables are
squared so that

w(t)

Li =='

0

&
0

0
(16)

The control design problem is then stated as follows:
Find qij, i, j — 1, . . . , N, subject to system performance con-

straints and co variance assignability conditions.
The preceding parameterization of the controller is combined with

structural design variables (A/), objectives, and constraints to form
a multi disciplinary, multiobjective nonlinear programming problem
as follows:

Minimize control effort V and mass M where

V = \x(HMpXpMT
pHTR + HMPXPCKTR

+ KXT
pcMT

pHTR

over the design space

KXCKTR)

M = M (A/)

= (nx+ nc) A/, i = 1, . . . , Ns

subject to

r(CpXpCT
p]

(17)

C2(X) = 0

The output cost defined in Eq. (17) is the singular values of the
system output covariance Y = CpXpC^.This choice of output cost
is consistent with that defined in Ref. 9. It has the effect that it limits
the peak output of the system to be below some upper limit cr.

In this study, we solved the optimization problem using
the multiobjective constrained optimizer KSOPT.10 It uses the
Kreisselmeier-Steinhauser (KS) function to create a single surf-
ace combining all of the constraints and objectives into a single
variable geometry surface. The KS function is defined by

KS(p) = /m (p) - /max]

where

and

= Wobj +

/* =

(18)

(19)

(20)
\gk

The KSOPT algorithm belongs in the class of sequential uncon-
strained minimization techniques because p is increased as the op-
timal point is approached to emphasize the largest contribution to
the KS cost function. This asymptotically transforms the objective

f(0

Fig. 1 Two-bar truss configuration.

function(s) into goal constraint(s). As KSOPT searches for the min-
imum value of the KS function, the design point is moved towards a
compromise minimum. In representing the objective function(s) as
goal constraint(s), the constrained compromise minimum satisfies
the classical definition of a locally pareto-optimal point. Reference
10 shows the relationship between this method and goal program-
ming, proving its ability to find a pareto-optimal point.

One of the advantages of the covariance parameterization is that
the gradients required for the numerical optimization procedure can
be analytically computed. This allows the gradients of the objective
function V and the constraints to be computed as required by the
optimization procedure. Because of the complexity of the result-
ing equations, however, these expressions are not presented here.
Instead, the reader is referred to Ref. 4.

Numerical Results
The previously discussed concepts were used to design a con-

trol/structure system for a simple flexible system. This problem was
selected so that it demonstrates the feasibility of the formulation.
More importantly, the example was selected so that the results could
be easily and critically evaluated through insights into the physical
behavior of the system.

This problem examined here is a common example in the con-
trol/structure optimization literature. It is a two-bar truss with an
additional mass at the end of the truss. The configuration of the
truss is shown in Fig. 1. The equations of motion are given in Ref. 2.
The bar cross-sectional areas and Young's modulus are scaled in
this example, but the natural frequencies of the scaled model are
consistent with an actual structure of this size and concentrated
mass. The scaling forces the material mass density to become so
small (2.59 x 10~6 Ib-s2/in.4) that the mass of the bars is negligible
compared with the concentrated mass for the dynamic equations of
motion. However, the cross-sectional areas of the bars are a direct
measure of the actual truss structure weight. Therefore the sum of
the cross-sectional areas becomes the structural objective-function
with the structural design variables being the cross-sectional areas
of the two truss bars.

For this fourth-order system we will attempt to find a second-
order controller. The velocity of the mass in both the x and y di-
rections is used for feedback, with a disturbance in the y direction
and a sensor and an actuator for both the x and y directions (col-
located sensor/actuator). The outputs of the system are the x and
y displacements of the concentrated mass, which result in two ad-
ditional control constraints (termed output cost constraints). The
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Table 2 Comparison of final designs for the two-bar truss
with those of Ref. 2

Control effort Total
reduction Output cost Output cost structural

(from initial reduction jc, reduction y, mass reduction,
value), % % % %

Ref. 2
Integrated

design

3.3

86

4.5

14.8

4

9.2

-2

0.53

initial design is chosen to be a rate feedback controller derived from
a full-order LQG controller witb the following arbitrarily chosen
weighting matrices:

State weighting:

Control effort weighting:

(21)

The system performance output goals were to be reduced by 10%
from their initial closed-loop value, but the KSOPT procedure was
allowed to continue to search for a pareto-optimal point. Overall
there are 23 design variables and 22 constraints for the problem.

Table 1 presents the results for the optimization problem. It in-
cludes the results for the problem when the structural variables are
not included (noted as control-only design) and the problem when
structural design variables are included (noted as integrated design),
which are both generated from the same starting point. In examining
the results it can be seen that the optimizer took an interesting ap-
proach to satisfying the conflicting requirements for the integrated
case. Although the total structural mass was changed very little, the
algorithm redistributed the mass to better achieve all of the objec-
tives. By decreasing the area of the first bar and increasing the area
of the second bar, it was able to reduce the control effort by 86%
from its starting value, to decrease the x displacement output cost
(jc singular value of the output covariance) by 14.8%, and to decrease
the y displacement output cost (y singular value of the output Co-
variance) by 9.2%. It appears that the optimizer redistributed the
mass to satisfy the competing objectives and constraints and to find
a pareto-optimal point. Comparing with the control-only design,
one can see that including the structural degrees of freedom allows
the optimizer to further reduce the control effort while exceeding
the output cost constraint requirements.

The small changes in the cross-sectional areas agree with previ-
ous results, which considered the same problem but with an LQG
controller, recognizing that the optimization problem is different.2
However, the general optimization problems are similar, and the re-
sults of Ref. 2 are intended to support the results of this paper. No
direct comparisons between the results of this paper and those of Ref.
2 will be made. In that reference several different control/structure
problems were considered. The one that is most similar to
our approach is design case 3, which uses normalized objectives
and constraints. Table 2 compares our results with those in Ref. 2.
The results presented here and those of Ref. 2 have similar levels
of performance improvement. Consequently, confidence is gained
in the formulation presented here.

It is important to interpret these numerical optimization results
in the context of more physically meaningful control parameters.

This was done by comparing the multi-input/multi-output bode plots
of the closed-loop system for the initial and final designs. From
the phase information in these plots, it is obvious that the design
only slightly lowered the frequency of the second (vertical bounce)
mode so that the first (lateral vibration) mode is gain stabilized.
This is done without affecting the static structural stiffness. Then,
the controller introduces a substantial (150-deg) phase lead in the
frequencies between the two modal resonances, thus improving the
broadband performance of the close-loop system. It is interesting to
note that a sequential structural and control design would not have
attempted to lower the frequency of the second structural mode, and
so it would never have even allowed the possibility of a significant
phase lead at intermediate frequencies. Only an integrated design
recognizes this possibility, leading to a more rational design.

Conclusions
This paper demonstrated the benefits of integrated con-

trol/structure design using covariance control to parameterize the
controller. An advantage of covariance control is that the control
objectives can be specified as a set of competing analytical goals
or constraints instead of a single scalar cost function. In addition,
the controller order is specified a priori and need not match the or-
der of the system model. Using the Cholesky parameterization of
the covariance controller, the structural mass was modified and the
controller performance was improved. These results demonstrate the
sensitivity of integrated design methods to proper parameterization
of the controller. In addition, these results add to previous work
that demonstrates the potential of integrated design optimization of
structures and controllers. It then appears that when the structure
and controller are considered simultaneously, the resulting combi-
nation is an improved design. However, the extent of the design
improvements are apparently problem dependent.
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